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3 Sobolev Spaces

Exercise 3.1. Let 0 > 0 and consider the collection {Q; : i € N} where Q; is an n-
dimensional cube of side-length 6 > 0 such that the center of Q); is a point z = (x1, ..., ;)
such that z;/6 € Z for every i = 1...d. Clearly R? = |, Q;. Given u € L, (R) and 6 > 0,
we set

1
us(x) / u(y)dy  for all x € Q;.

_6dQ

Show that whenever u € LP(R?) for some 1 < p < oo, then for every § > 0 the
function us € LP(R?), moreover
us|| o@ay < [Jw]l Lo ray
and us — u in LP(R?) as § — 0.

Exercise 3.2. Let 1 < p < oo and ©Q C R? be open, with finite measure and such that
there exists an extension operator £ : WHP(Q) — WLP(R?). For every u € WHP(Q) let
ug be the function defined in Exercise 1.

— Show that if § C L?(Q2) is bounded, then the following equivalence holds :

§ s relatively compact if and only if for every € > 0 there exists some 0 > 0 such
that for all 6 < ¢ and all u € § one has ||u — us||Lr) < €.
— Prove that for every 6 > 0 one has

lu = uall 20y < 2*Vd5|| Dull 11 (@.p0)-

Exercise 3.3 (Poincaré Inequality). . Let 1 < p < 0o and €2 C R" be open and bounded
at least in one direction, i.e. Q C (0,£) x R"™! for some £ > 0 up to a rotation and a
translation. Show that there exists a constant C' > 0 such that

ullr ) < C||Dul| Lo, for every u € W, P ().

Exercise 3.4 (Another variant of Poincaré Inequality). . Let 1 < p < oo and Q =
Bi1(0) € R Given a > 0, show that there exists a constant C' > 0 depending only on
d,p,a > 0 such that for every u € W'?(Q) such that |[{z : u(x) = 0}| > « it holds

|ullze ) < CllDul| o0y
Exercise 3.5. Let p € [1,00) and  C R? be an open set. Denote by
Wil (Q) = {u = (u1,...,u,) € (LP(Q))? : divu € LP(Q)}.
Show that W ?(Q) is a Banach space if endowed with the norm

lull = Nl ooy + lldivull ooy
=1
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Exercise 3.6. For 0 < § <1 and 1 < p < oo we call W??(R?) the space of all functions
f € LP(R®) such that

_ P 1/p
| flwor = (/R Rdeﬂcdy> < 400.

|z — y|dtor

Prove that W%?(IR?) is a Banach space with respect to the norm || - ||y = || - ||z +
|- Twes.
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