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3 Sobolev Spaces

Exercise 3.1. Let δ > 0 and consider the collection {Qi : i ∈ N} where Qi is an n-
dimensional cube of side-length δ > 0 such that the center of Qi is a point x = (x1, . . . , xn)
such that xi/δ ∈ Z for every i = 1 . . . d. Clearly Rd =

⋃
i Qi. Given u ∈ L1

loc(R) and δ > 0,
we set

uδ(x) = 1
δd

∫
Qi

u(y)dy for all x ∈ Qi.

Show that whenever u ∈ Lp(Rd) for some 1 ≤ p < ∞, then for every δ > 0 the
function uδ ∈ Lp(Rd), moreover

∥uδ∥Lp(Rd) ≤ ∥u∥Lp(Rd)

and uδ → u in Lp(Rd) as δ → 0.
Exercise 3.2. Let 1 ≤ p < ∞ and Ω ⊂ Rd be open, with finite measure and such that
there exists an extension operator E : W 1,p(Ω) → W 1,p(Rd). For every u ∈ W 1,p(Ω) let
uδ be the function defined in Exercise 1.

— Show that if F ⊂ Lp(Ω) is bounded, then the following equivalence holds :
F is relatively compact if and only if for every ε > 0 there exists some δ > 0 such
that for all δ < δ and all u ∈ F one has ∥u − uδ∥Lp(Ω) < ε.

— Prove that for every δ > 0 one has

∥u − uδ∥L1(Ω) ≤ 2d
√

dδ∥Du∥L1(Ω,Rd).

Exercise 3.3 (Poincaré Inequality). . Let 1 ≤ p < ∞ and Ω ⊂ Rn be open and bounded
at least in one direction, i.e. Ω ⊂ (0, ℓ) × Rn−1 for some ℓ > 0 up to a rotation and a
translation. Show that there exists a constant C > 0 such that

∥u∥Lp(Ω) ≤ C∥Du∥Lp(Ω,Rn) for every u ∈ W 1,p
0 (Ω).

Exercise 3.4 (Another variant of Poincaré Inequality). . Let 1 ≤ p < ∞ and Ω =
B1(0) ⊂ Rd. Given α > 0, show that there exists a constant C > 0 depending only on
d, p, α > 0 such that for every u ∈ W 1,p(Ω) such that |{x : u(x) = 0}| ≥ α it holds

∥u∥Lp(Ω) ≤ C∥Du∥Lp(Ω).

Exercise 3.5. Let p ∈ [1, ∞) and Ω ⊂ Rd be an open set. Denote by

W 1,p
div (Ω) = {u = (u1, . . . , un) ∈ (Lp(Ω))d : div u ∈ Lp(Ω)}.

Show that W 1,p
div (Ω) is a Banach space if endowed with the norm

∥u∥ =
s∑

i=1

∥ui∥Lp(Ω) + ∥div u∥Lp(Ω).
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Exercise 3.6. For 0 < θ < 1 and 1 ≤ p < ∞ we call W θ,p(Rd) the space of all functions
f ∈ Lp(Rs) such that

|f |W θ,p =
(∫

Rs×Rd

|f(x) − f(y)|p
|x − y|d+θp

dx dy

)1/p

< +∞.

Prove that W θ,p(Rs) is a Banach space with respect to the norm ∥ · ∥W θ,p = ∥ · ∥Lp +
| · |W θ,p .
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